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Abstract A generalization of Theorem 3.14 in [Euclidean Gibbs measures of interacting
quantum anharmonic oscillators. J. Stat. Phys. 127:985-1047 (2007)] is given. It describes
the uniqueness of Euclidean Gibbs measures of a system of quantum anharmonic oscillators
in an external field. We also discuss in more detail the applicability of the Lee-Yang theorem
in the theory of such systems, which includes a correction of Lemma 8.4.
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Our aim in this note is to prove a more general statement than Theorem 3.14 of [4] and to
discuss the applicability of the Lee-Yang theorem to the model described by that statement.
This in particular means a correction of Lemma 8.4 of [4]. In the sequel, by quoting state-
ments or equations numbered like 3.14 or (2.1) we mean the corresponding items of [4]. All
the notations we use here are either taken from [4] or explicitly defined here.

Uniqueness of Gibbs Measures In the new version of Theorem 3.14 presented below the
statement is the same as in the ‘old’ one but the class of potentials is much larger.

Theorem 1 Let the model be translation invariant and the anharmonic potential be of the
form

V(x)=Vo(x) —hx, heR, 1)
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where Vy is even, satisfies the stability condition (2.4), and is such that the derivative V'(x)
is convex for x € (0, +00). Then the set G' is a singleton if h # 0.

Proof Here instead of using arguments based on the Lee-Yang theorem, as we did in [4],
we employ the GHS inequality. For the Ising model, this way was suggested long time ago
by C. J. Preston in [6]. In spite of its simplicity and significance, it has been very rarely used
since that time.

As in [4], we get the result by showing that the pressure p(h) is differentiable at every
h # 0, see Corollary 3.11. For A € L, we consider

1 B
Math) = ; /Q A < fo w(r)dr)m(dm), )

where w, is defined by (2.28)—(2.30) with V, = V as in (1). By (3.13) it follows that
py(h)y=Mu(h).For&y,..., 0, € Aand 1, ..., T, €0, B], we set

52,”5”(‘51, e Ty h) = / e, (T1) -~ @y, (T) 4 (dw )
24

_ / w0, (1) - g, (1)1 (d0]0), 3)
2

see (7.10) and (2.58). With the help of the Ursell function, c.f. (7.9),

U[/]xh& (T, 72, 133 h) = Se/izze_g('fh T, 13, h) — SZ? (115 h)Sl/;lg (12, 13, h)
— S0t S (11, 133 ) — S{ (133 ) S, (11, T3 )
+ 288 (11 ) SE (123 h) SF (233 1) (4)

one writes the derivative of (2) in the form

, 1 BB B
M) = > fo /0 /0 Ul 10, (71, T2, 733 )dTydTodTs. )

£1,€3,63€A

For the potential (1), in the classical case the GHS inequality holds, see Theorem 12.12,
p- 131in [7] and also [3]. By the method of proving correlation inequalities for the Euclidean
Gibbs measures discussed in [4], see also [2], this yields

U{l‘w3 (t1, 12, 13, h) <0, forh>0.

Thus, —M 4 (h) is convex on (0, +00). Let £ be a van Hove sequence, see Definition 3.9.
By (4.16), (4.14) and (2.36), (2.18) one obtains |[M 4(h)| < C for all A € L. The constant C
may depend on / but can be estimated uniformly on the intervals & € (a, b), a < b < 4o00.
Thereby, the sequence {M 4 (h)} e, is uniformly bounded on every (a, b). Then, for a > 0,
by Lemma 1 of [6] it contains a subsequence such that M4, (h) — M (h) for all h € (a, b).
By Theorem 3.10, for this subsequence, we have p,, (h) — p(h), which in view of the
convexity of p4(h)’s yields that p(h) is differentiable on & € (a, b) and hence |G'| = 1. As
Vo is even, this also yields the same result for 4 < 0. O
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The Lee-Yang Theorem A more detailed consideration of the lattice approximation tech-
nique mentioned in the proof of Lemma 8.4 yields that one has to impose further restrictions
on the potential V (x) = v(x?) — hx. Thus, a statement employing the Lee-Yang property,
see Definition 8.1, which we can prove is as follows.

Theorem 2 Let the model be translation invariant and the anharmonic potential be such
that the probability measure

Z,,_1 exp(—bx2 —v(xH))dx, xeR,

has the Lee-Yang property for all b > by with certain by € R. Then the limiting pressure pos-
sesses holomorphic extensions to certain domains containing the real line, except possibly
for the point h = 0.

The proof of this theorem is based on the lattice approximations of Euclidean Gibbs
measures, see [2], in which exp(|A|p(h)) is approximated by functions fy(h?), N € N,
each of which belongs t0 Fpaguerre (s€€ (3.35)) and fy (h?) — exp(|A|p4(h)) in such a way
that the limiting pressure has the property stated. However, the condition of Lemma 8.4, that
is b 4+ V' € Fraguerre for certain b > —a /2, ensures that fy € Figuere but for finitely many
N’s only. This in particular means the validity of Lemma 8.4, and hence of Theorem 3.14
as it is given in [4], for the corresponding classical model, which one obtains by letting
m — 400, see [1].

It turns out that the class of functions possessing the property as in Theorem 2 can be
described explicitly. By C. M. Newman, see Theorem 2 in [5], we have that v obeys the
condition of Theorem 2 if and only if it has the form

v(x?) = ax* + Bx? —log @ (x?),

where

o) =[[ewr), PO =0U+0e",

keK

The set K may be void, finite, or countable; the numbers y; > 0 obey the condition
Y iek v <00 > 0.1If > 0, the number B may be arbitrary real; if @ = 0, one demands
B+, <k Yk > 0. Thus, the only possibility for v to have the property b 4 v € Fiaguerre for
all b > by is v(x?) = ax* + ,sz, o > 0, g € R, which is the well-known case ot
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